We apply a recent set of results of Mensikov and Malysev that concern necessary or sufficient conditions for ergodicity of constrained M-dimensional random walks to the problem of stability of M coupled queueing systems that describe a system of M buffered terminals accessing a common channel by means of a discrete-time ALOHA protocol. We obtain a necessary and sufficient condition for the stability of such a system. Although the condition does not yield a descriptive characterization of the stability region (because it is stated in terms of joined queue size distribution), it allows a reduction of the stability problem of a M-user system to the determination of the steady state distribution of a (M -1)-user system.
INTRODUCTION
Some systems of multiple access used in radio and/or local area networks are modeled by Markov Chains in the positive section of M-dimensional space, whose transitions allow them to coincide with special forms of M-dimensional random walks. As one of the problems of interest in these multiple access systems is the stability (or ergodicity) of the underlying Markov Chain, it is natural that the problem of ergodicity of general random walks is directly relevant.
In this paper we focus on the discrete time slotted ALOHA protocol, operating with M buffered terminals over the collision channel [1, 2] . This system is modeled by the state q = ( q l , . . . , q M )
where qi denotes the queue size (number of packets) in the buffer of terminal i. From time slot to time slot q executes transitions in the grid of points whose coordinates take non-negative values and the probabilities of which are given easily in terms of the packet arrival rates X; and packet transmission probabilities p;, i = 1,. . , M .
We are interested in determining the region of values of the arrival rates X; i = 1,. . , M so that the queue vector q is an ergodic Markov Chain for given transmission probabilities p;, i = 1, . , M and, also, in the region of values of the Xi's for which there exist suitable values of the pi's so that the queue length vector q is ergodic. We denote the first region by R"(p) and the second by R M . Clearly R M is the union of the R~( p ) ' s over all values of p, l.e.,
R M = U RM(P)

P
The regions R M ( P ) and R M are known only for M = 2 [3, 4] .
For arbitrary values of M there are only bounds known, [3,4,5, 61. In (41 Rao and Ephremides used the notion of dominant systems to provide the tightest known inner bound to the region R"p).
In the same work they conjectured that the region RM coincides with the capacity region of the M-ary collision channel without feedback, as obtained by Massey and Mathys in [lo] .
Malysev and Mensikov in (71 have provided necessary or sufficient conditions for general M-dimensional, homogeneous and countable random walks with bounded jumps. Their conditions however cannot be applied to the special case of random walks of interest, since not only they require knowledge of the steady state distribution of a set of k-dimensional random walks (k = 1, * -, M -1) but also they are expressed in terms of the existence of Liapunov functions, which is very difficult in general to be verified. Then it was shown that the ergodicity of the M-dimensional Markov Chain that describes the system of interest is closely related with the stability of its M one-dimensional and not necessarily markovian components. In particular it was shown that the Mdimensional Markov Chain is ergodic iff each of its M components constitutes a stable process. Although such a result reduces the problem of considering the stability of an M-dimensional process to the one of considering the stability of one dimensional processes, the strong interaction among these processes renders the solution of such a problem a rather formidable task.
In this paper we use the results in [7] to derive a necessary and sufficient condition for ergodicity of the random walk, that describes the M-user slotted ALOHA system. This condition, however, also suffers from the inability to translate to a precise characterization of the regions R M ( P ) and R M . We also state some bound results that make plausible the conjecture that the form of R M coincides with the known (see [lo] ) capacity region of the no-feedback collision channel.
ERGODICITY CONDITIONS
In this section we state and explain the necessary condition for ergodicity due to Malysev and Mensikov in [7] . Note that for the special cases M = 2,3 they have necessary and sufficient conditions, [7, 8, 9] . For the special case of a random walk that describes the ALOHA system with 2 users their results coincide with the necessary and sufficient conditions that were derived differently by Tsybakov and We proceed now with the presentation of the necessary condition for ergodicity due to Although in [7] the definition of the faces @,(A) constitutes nothing more but an abstract tool for the derivation of the main results in the case of a finite-user slotted ALOHA system these faces acquire an important physical meaning. In particular the face QjM(A) corresponds to the set of states with the common property that in each of them the queues of users i $Z' A are empty while the queues of users i E A are nonempty. The face B"(A) simply corresponds to an extention of the face Q M ( A ) in Z+" to RY. It is obvious that the faces BM(A) form a partition of the state space zy.
With any set Ak C N M , having k elements, we associate an
which is the projection of the initial random walk on a ( M -k)-dimensional hyperplane C"(Ak), orthogonal to BM(Ak) at a point x E @,(Ak). We denote its state space by $"(Ai). Again despite the fact that in [7] these induced random walks constitute nothing more than abstract tools for the derivation of the main results, in the case of the system of interest they have a nice physical interpretation. Namely the induced random walk I M ( A ) corresponds to an auxiliary system in which the users i A behave as in the original one, while the users i E A attempt transmission of a packet independently of their queue status, i.e. they attempt transmission of "dummy" packets when their queues are empty of real packets.
We say that the face B M ( A~) is ergodic if the induced random walk IM(Ak) is ergodic. In this case we denote the steady state probability distribution of I M ( A ) by T A ( Z ) .
Next we define the mean jump vector D(z) as
where pr{x} are the transition probabilities of the random walk.
We will now define a set of vectors associated with any subset (T.l) :
and for all A c N M , for which @ ( A ) is an ergodic face and for
These conditions together are sufficient for transience (and their negation necessary for ergodicity).
A NECESSARY AND SUFFICIENT CONDITION FOR ERGODICITY
In this section we derive a necessary and sufficient condition for ergodicity of the random walk that describes a M-user slotted ALOHA system. We use the same model introduced in
[3] by Tsybakov and Mikhailov with two modifications, namely:
1. The packet arrival process at each user is Bernoulli with rate X;. In [3] a general arrival process was assumed. The assumption for Bernoulli arrivals is not of crucial importance and is made for the sake of simplicity.
2. Two disjoint sets of users are considered. The users in the original set, NM = (1, ... , M } , behave as described in [3] (typical users), while the ones in the second set, L, transmit always with probability p ; independently of whether they have a packet available for transmission or not (i.e., we introduce an "additional" set of persistent or irresponsible users who continue to transmit "dummy" packets even when their queues are empty, as mentioned before). Such a device forms an artificial aid t o our proofs but is also of interest since the set of persistent users can be viewed as an exterior disturbance to the system, thus yielding slightly more general results.
The concept of persistent users was introduced in [4] and is strongly associated with the notion of dominant systems and stochastic dominance.
We want to study the random walk S M ( L ) , in Zy, describing the queues of users i E N M , in a system with M + I users, the I of which attempt transmission regardless of their queue status.
Using the notation of 171, as outlined in section 2 , we observe that the induced random walk IM(Ak) is actually a walk of the form SM-k(LUAb). Then, for this random walk and for E C NM -Ak, we define the following probability distribution and and
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Note that T A ( E ) (for E E NM -A) is the probability that in IM(A) the users i E E have a nonempty buffer, while the users i E have an empty buffer. A very useful property is that these probabilities do not become identically zero when the random walk I M ( A ) is nonergodic.
Another important observation is that the mean jump vector D ( x ) is independent of x so far as x belongs to a given face @M(A).
Henceforth we will denote the mean jump vector as D(A) in order to show that it depends rather on the face in which x belongs (which in turn is completely determined by the set A) than on x itself. Then we can express the components of v ( A ) as
The i-th component of v (with i E A) corresponds then to the expectation of the i-th component of the mean jump vector D(x), taken over the measure R A ( * ) and can be used as a criterion of stability of the queue of user i in a system with a set of typical users NM -A and a set of persistent users L U A.
We can now proceed t o prove the necessary and sufficient condition for ergodicity of S M ( L ) . We start by recursively defining a nested set of M conditions, denoted by C.1,. -, C.M, as follows: The interpretation of these conditions is as follows. Starting with condition (C.l) and by the use of the vector v(NM) the existence of a stable user in a system consisting entirely of persistent users is verified. As soon as one such user is found he is moved from the set of persistent users to the set of the typical ones. The procedure continues by examining, in the new system, the existence of a persistent user that is stable and moving him, if one exists, to the set of typical users.
Using the notion of dominant systems (as used in [4] ) we can easily show that if there exists a sequence of M distinct integers
A similar approach was used by Rao and Ephremides in 14) t o establish an inner ergodicity region. The difference is that here, rather than attempting t o use lower bounds, in order to provide an inner ergodicity region, for the system, we want to show that inability t o satisfy the above condition is sufficient for nonergodicity of the random walk that describes the system.
Observation: A useful consequence of these conditions is that if
there exists a sequence of distinct integers i l , -,ik E NM such that for n = l , . . * ,k condition (C.n) is satisfied with i n and if furthermore condition (C.(k + 1)) is not satisfied with any i E NM -{il,. * , ik}. It constitutes a simple corollary to a lemma in [ll] , that is omitted here.
This observation ensures that whenever one of the above defined conditions is satisfied by more than one user we should not worry about which one to choose, since this would not affect the final result. Using the above consequence we can prove the following Lemma: Proof We use induction on M . For M = 1 the statement of the Lemma is trivial!y true. We assume that the assertion ?f the Lemma is valid for M = 2, -, M -1 and,for all k = 1,. * , M -1.
We prove then that it is also valid for M = M and for all k = 1,. . a , M -1. We assume that there exists a sequence of distinct
is satisfied with in. We assume furthermore that condition (C.k+l) is not satisfied with any i E NM -{il, a , ik}. We will show then that S M ( L ) is nonergodic. We use the notation:
Using the observation made above and the induction hypothesis we can show that I M ( A T ) is nonergodic for all AT C NM not satisfying
tions can be satisfied for I M ( A T ) .
We do not claim that whenever ( 5 ) is valid I M ( A T ) will be ergodic. We are only interested in excluding from the ergodic faces the faces B"(AT) for which AT does not satisfy ( 5 ) .
We now define f(.) : RE;' + R by
Obviously f(r) satisfies conditions (T.1)-(T.
3). Let AT 3 J;.
Then we have that We proceed now to a different interpretation of the previous results. The following corollary follows directly from Theorem 1. We can observe that u;({i}) is the difference between the arrival and the service rate for the queue of user i ( i E N M ) in a system that is identical to S M ( L ) except that user i attempts transmission with probability p , irrespectively of his queue status. Since this modification decouples the queue of user i from those of the other users, the inequality constitutes a necessary and sufficient condition for stability of queue q; in a system that is identical to S M ( L ) except that user i attempts transmission with probability pi irrespectively of his queue status. Since, furthermore, this system dominates S M ( L ) the above condition is sufficient for stability of user i in S M ( L ) as well. One might suspect that this condition is also necessary for the stability of user i in S M ( L ) However we are not yet able to prove such an assertion.
OTHER R E S U L T S
As it was mentioned earlier the necessary and sufficient condition for ergodicity derived in section 3 cannot translate to a precise characterization of the region R,w(p). Yet Lemma 1 can be applied for k = 1 and L = 0 to provide the following necessary condition for ergodicity, that already improves the one given in [3] .
Corollary 2 The M-user ALOHA system with arrival rate vector X and transmission probability vector p is ergodic only if there ezist il, iz satisfying:
The above corollary is proved in [ l l ] independently of the previous results by using a similar, although simpler approach. Its proof, in terms of Lemma 1, is a straightforward application of that lemma and is not presented here.
The inadequacy of the results in section 3 to provide a precise characterization for the region R M leaves open the confirmation of the conjecture made in [4] , that the form of R M coincides with the capacity region of the collision channel without feedback (a fact known for M = 2 and for the symmetric user case as M + m).
By denoting the capacity region for the M-ary collision channel without feedback by CM we can easily show, using the necessary condition derived in [3] , that C M c RM So far we have not been able to prove that RM c C M (which would conclude the proof of the above conjecture).
The plausibility of this last assertion is strengthened by the fact that it is consistent with the sufficient condition for ergodicity derived in [4] (see [Ill) , which constitutes the tightest known inner bound to the region R M ( P ) . In the same work a proof for the assertion RM C CM was proposed, based however on an unconfirmed property of the nonergodicity region, namely that if a given component queue pi of the M-dimensional Markovian system is unstable under two rate vectors A', X*, then it is unstable under any arrival rate vector that can be written as a convex combination of these two.
Verification of the two above conjectures may be possible using a set of recent results by Nain [12] , that allow the analytic calculation of the steady state distribution of two-dimensional random walks of the form S z ( L ) . This calculation would, in principle permit the characterization of the ergodicity region for M = 3 and, thus, determine the validity of the conjectures for that value of M .
